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Exploiting Symmetries for Efficient Postbuckling Analysis
of Composite Plates

Ahmed K. Noor,* Michael D. Mathers,| and Melvin S. AndersonJ
NASA Langley Research Center, Hampton, Va.

Two aspects of the postbuckling analysis of composite plates are considered in this paper. The first pertains to
identifying the different types of symmetry exhibited by the pre- and postbuckling responses of rectangular and
skewed composite plates. A procedure is presented for exploiting these symmetries in finite-element and finite-
difference analyses. The procedure can be used with existing programs having multipoint constraint capability.
The second aspect pertains to the postbuckling response of biaxially loaded composite plates. Numerical results
from finite-element analysis are presented that show the range of parameters for which shear deformation
and/or anisotropy are important in buckling and postbuckling analysis.
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Subscripts
c,d

Nomenclature
side lengths of the plate
side length of a square plate
elastic moduli in the direction of fibers and nor-
mal to it, respectively
shear moduli in the plane of fibers and normal
to it, respectively
thickness of the plate
bending stress resultants (a, @ = 1,2)
extensional (in-plane) stress resultants
uniform edge loading
external load intensities in the xa and x3 direc-
tions
transverse shear stress resultants
transverse shear strain energy
contribution of the anisotropic (nonor-
thotropic) terms to the strain energy of the plate
total strain energy of the plate
displacement components in the coordinate
directions
Cartesian coordinate system (x? normal to the
middle plane of the plate)
rotation components
transformation matrix
nodal displacement and rotation components
constants that can have the values -I- 1 and - 1
fiber orientation angle
major Poisson's ratio

= rectangular or square matrix
= column matrix
= dependent nodes obtained from the in-

dependent nodes by reflection in a plane,
rotation of 180° about a line in the middle plane
and inversion, respectively.

= locations where displacements are measured
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Introduction

A LTHOUGH considerable literature has been devoted to
the postbuckling analysis of isotropic plates,

investigations of laminated composite plates are rather few.
Interest in the use of composite plates, manufactured from a
number of individual unidirectional laminas, has recently
been expanded in aircraft, shipbuilding, and other industries.
Therefore, an understanding of their postbuckling response is
desirable. In general, closed-form or analytic solutions cannot
be obtained for the postbuckling problems. Therefore, it is
usually necessary to resort to numerical or approximate
solutions.

A number of approximate methods have been applied to the
postbuckling analysis of composite plates in Refs. 1-7. Except
for the study of the postbuckling response of uniaxially com-
pressed sandwich plates reported in Ref. 3, all the other
studies were based on the classical theory (with transverse
shear deformation neglected).

Postbuckling analysis of composite plates is inhibited by
the large number of parameters and the associated com-
putational effort. A common way of reducing computational
effort for the postbuckling analysis of isotropic and or-
thotropic plates is to take advantage of the symmetries present
by imposing rather simple boundary conditions along lines of
symmetry. For composite plates, anisotropic effects generally
do not allow simple boundary conditions to be applied even
though certain symmetries are clearly known and recognized.
As a result, the full structure is often analyzed. The objectives
of this paper are as follows:

1) To identify the different symmetries exhibited by the
commonly used fibrous composite plates and to present a sim-
ple procedure for exploiting these symmetries in the finite-
element postbuckling analysis; and,

2) To study the importance of transverse shear deformation
and degree of anisotropy (nonorthotropy) in the postbuckling
range for composite plates subjected to biaxial compression.
Numerical results are presented for a large number of
problems covering a wide range of lamination and geometric
parameters of the plate.

The analytic formulation is based on a form of the
geometrically nonlinear von Karman-type plate theory with
the effects of transverse shear deformation, anisotropic
material behavior, and bending-extensional coupling in-
cluded. The composite shear correction factors presented in
Ref. 8 are used.

A displacement (stiffness) finite-element formulation is
used with the fundamental unknowns consisting of the
displacement and rotation components of the middle plane of
the plate Ua, w, and </>(V (a = 1,2). The nodal parameters con-
sist of the five generalized displacements at each node. The
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PLANE OF REFLECTION
SYMMETRY

Fig. 1 Sign convention for stress resultants and generalized
displacements.

1
323
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Fig. 2 Buckling mode shapes HYwmax for simply supported rec-
tangular composite plates subjected to uniform axial compression.

sign convention for the different plate quantities is given in
Fig. 1. The element stiffness matrix is obtained by minimizing
the potential energy of the plate element. The details of the
formulation are presented in Ref. 9 and are not reproduced
herein. The stiffness matrices of the different elements are
assembled and the resulting nonlinear algebraic equations are
solved by the Newton-Raphson iterative technique. It should
be emphasized, however, that the procedure outlined herein
for exploiting the symmetries in the finite-element analysis
can be readily used with other plate theories and other finite-
element models (e.g., hybrid and mixed models).

II. Symmetries in Composite Plates
The contrast between the more familiar symmetries for or-

thotropic plates and those for composite plates having
anisotropic properties is shown in Fig. 2. Contour plots for
the buckling modes of a rectangular plate subjected to
uniform longitudinal compression are shown for both or-
thotropic (fibers parallel to the xl axis) and anisotropic (fibers
making 15° with the*/ axis) material properties. The obvious
lines of symmetry for the orthotropic plate can be used so that
only one-quarter of the plate needs to be analyzed. The
anisotropic plate also exhibits symmetry with respect to the
midpoint. However, since no lines of symmetry exist, the
usual procedure is to analyze the whole plate. As will be
shown later, it is only necessary to model one-half of the
plate. In Fig. 2, as well as in succeeding figures, the portion of
the plate that needs to be analyzed is shown shaded. In this
section, the symmetry relations that exist in composite plates
will be identified and a method to reduce problem size will be
presented.

The fundamental definitions of symmetry, symmetry
elements, and symmetry operations are reviewed in Ref. 10.
The axiom of symmetry introduced in Ref. 10 when applied to
composite plates becomes the following: Given a composite

FOR INVERSION

xl /x! PRAXIS OF SYMMETRY
b) ROTATIONAL SYMMETRY

Fig. 3 Types of symmetry in composite plates.

plate exhibiting certain types of symmetry and a system of
loads that exhibits the same types of symmetry as those of the
plate, the response obtained will exhibit the same types of
symmetry as those of the loading system. The symmetry of the
plate refers to the symmetry of a) plate geometry, b)
lamination parameters (e.g., fiber orientation and stacking of
layers), and c) boundary conditions. The symmetry of the
plate is described by giving the set of all reflections and rigid-
body rotations and translations, which takes the plate into an
equivalent configuration (i.e., into a configuration in-
distinguishable from the original configuration). Any such
operation is called a symmetry transformation. The set of all
symmetry transformations forms the symmetry group of the
plate.11

The symmetry transformations of composite plates can all
be built up from two fundamental types (see Fig. 3); namely,
a) mirror reflection in a plane and b) rotation through a
definite angle about an axis. The characteristics of these sym-
metries are examined subsequently.

Reflection Symmetry
A composite plate exhibits reflection symmetry (also called

bilateral or mirror symmetry) with respect to a given plane if
it can be brought into an equivalent configuration by mirror
reflection in that plane (see Fig. 3). Obviously, the loading on
the plate and the boundary conditions must possess mirror
symmetry with respect to the same plane. Also, the fibers of
the different layers must be either parallel or perpendicular to
the plane of reflection symmetry. The symmetry relations that
the loading components must satisfy for reflection symmetry
with respect to the planes x} = 0, x2 = 0, and Xj = ±x2 are
given in Table 1. The corresponding symmetry (and an-
tisymmetry) relations for the response variables (displace-
ments and stress resultants) are given in Table 2.

Composite plates can possess one or more planes of reflec-
tion symmetry. An example of a composite plate exhibiting
reflection symmetry is shown in Fig. 4. Figure 4 shows the
buckling mode shapes for a composite square plate that is
subjected to uniform biaxial compression and has one plane
of reflection symmetry (plane Xj = +x2). In this case it is only
necessary to analyze one-half of the plate.

Note that the reflection symmetry relations listed in Table 2
are represented in the contour plots of Fig. 4, namely:

U, (X,,X2)=U2(X2,X,)

U2(X!,X2) = UI(X2,XI)

W(XI,X2)=\V(X2,X1)

(la)

(Ib)

(Ic)

Rotational Symmetry
A composite plate is said to exhibit rotational symmetry

with respect to an axis if it can be brought into an equivalent
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Fig. 4 Buckling mode shapes for a composite square plate with one
plane of reflection symmetry subjected to uniform axial compression.

= EDGES SIMPLY SUPPORTED

Fig. 5 Contour plots for prebuckling and postbuckling displace-
ments. Four-layered quasi-isotropic square plate with fiber orienta-
tion 45/0/90/— 45 subjected to uniform biaxial compression: a) Lin-
ear prebuckling displacements; b) Postbuckling displacements.

configuration by rotation around that axis. The axis of
rotation is called an /7-fold axis of symmetry if the smallest
possible rotation, which takes the plate into an equivalent
configuration, is 2ir/n radians. An rt-fold axis of symmetry
has n symmetry operations associated with it, namely,
rotations of 2?r, TT, 2ir/3,...2Tc/n. !0

Rotational Symmetry n = 2 with Respect to an Axis in the Middle
Plane

Such a symmetry can be exhibited by the linear prebuckling
response of composite plates having skew-symmetrical
lamination with respect to their middle plane (Fig. 3). The
symmetry relations for the loading components, generalized
displacements, and stress resultants for rotational symmetry
with respect to an axis xl =0, x2 = 0, and x{ = ±x2 are given
in Tables 1 and 2.

Rotational Symmetry with Respect to a Line Normal to the Middle
Plane of the Plate

The axis of rotation is assumed to coincide with the x3 axis.
A common form of this symmetry is axial symmetry that is
exhibited by circular plates whose elastic characteristics,
loading, and boundary conditions are independent of the cir-
cumferential coordinate.

For composite plates, rotational symmetry with n = 4 (angle
of rotation = ir/2) is exhibited by the linear prebuckling

1
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Fig. 6 Independent nodes and elements for composite plates with
two planes of reflection symmetry and two lines of rotational sym-
metry.

response of quasi-isotropic plates with fiber orientations that
are combinations of 45/0/90/-45, provided the plate
geometry and loading exhibit the same type of symmetry. The
symmetry relations for the loading, generalized displace-
ments, and stress resultants are given in Tables 1 and 2. As an
example for rotational symmetry with n — 4, Fig. 5a shows
contour plots for the prebuckling displacements of a square
quasi-isotropic plate subjected to uniform biaxial com-
pression. The symmetry relations listed in Table 2 are
represented by the contour plots of Fig. 5a. In order for the
symmetry relations to be applicable in the nonlinear range,
the symmetry transformations must apply to the plate in its
deformed state. A case where rotational symmetry with n — 4
disappears in the postbuckling or nonlinear regime is demon-
strated in Fig. 5b.

One of the most frequently encountered symmetries is
rotational symmetry with n—2 (rotation angle = TT) which is
commonly called inversion symmetry. A composite plate
exhibits inversion symmetry with respect to an axis x3 normal
to its plane if it can be brought into an equivalent con-
figuration through 180° rotation about the axis. This amounts
to changing the coordinates xa of each material point of the
plate into — x^. The x3 axis is called the axis of symmetry and
its intersection with the middle plane of the plate is called the
center of symmetry.

The center of symmetry is located at the intersection of lines
of geometric symmetry in the middle plane of the plate. For
skew plates, the center of symmetry is located at the in-
tersection of the two diagonals.

Inversion symmetry can be exhibited by both the
prebuckling and postbuckling response of composite plates
having arbitrary lamination, rectangular or skew planform
provided the boundary conditions and loading exhibit this
symmetry. An assembly of plate structures and/or shell struc-
tures can possess inversion symmetry, so that this type of sym-
metry will probably be most frequently used to reduce com-
putational effort in the analysis of practical composite struc-
tures.

HI. Exploiting Symmetries in Pre-
and Postbuckling Analyses

Identifying the Symmetries
The first step in exploiting the symmetries inherent in com-

posite plates in their pre- and postbuckling analyses is to iden-
tify these symmetries for a given plate geometry, lamination,
and loading. This is accomplished by examining the plate for
possible reflection, rotational or inversion symmetries. As the
number of symmetries increases, the size of the mathematical
model that needs to be analyzed is reduced. To illustrate the
effect of lamination of the plate on the symmetries, Table 3
gives the symmetry transformations for composite rec-
tangular plates having the following laminations: a) arbitrary
lamination, b) cross ply (6 = 0/90) and angle ply (6 =±45),
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Table 1 Symmetry relations for in-plane and transverse loading components3

rpr
P2

_p_.

Mirror reflection in plane Rotational symmetry w.r.t .
(or rotation with respect to line) x^ axis

Xl ~ X2 ~ Xl X2 Xl X2 (inversion n = 4
symmetry)

=

X1'X2

-pr

P2

Kp
-VX2

'~Pll

-p2

Kp
X1'~X2

rp
2-^
pi

!p_ X2'X1

~P2l

"Pl

K'P
-X2'-X1

~Pll

-p2

P_ _ -X1'-X2

rp2i
pi

KP V-xx
a*= -/ for reflection in a plane and -/ for rotation with respect to a line. k=+l for isotropic and -/ for quasi-isotropic plates. For antisymmetric (or skew-
symmetric) response the entries in columns 2 through 6 must be multiplied by a minus sign.

Table 2 Symmetry relations for generalized displacements and stress resultants a

Mirror reflection in plane Rotational symmetry w.r.t.
(or rotation with respect to a line) X3 axis

n » 2
x » 0 x = 0 x » + x x - - x0 (inversion n » 4
1 2 1 2 1 2 symmetry)

General-
ized
displace-
ments

-»r
U2

W

*1
_*2_

XL*.

~-ur
U2

KW

-«K

K<|>2

-u2

KW

K*i
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"U2~

"l
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"-"2"
-"1
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-K»2

:K*i

"-"i"
-u2

w

-*1
:*i

r-fi
«!

KW

-K*2

J*l
VX2 2 '1

Stress
result-
ants

12

22

12

22

u

22

11

-<Q

12

KMU

KQ

X2'xl

22

12

22

12

M22

12

22

-<Q

ax= +1 for reflection in a plane and — / for rotation with respect to a line. K — + / for isotropic and — / for quasi-isotropic plates. For antisymmetric (or skew-
symmetric) response the entries in columns 2 through 6 must be multiplied by a minus sign.

c) antisymmetric lamination with respect to the middle plane,
and d) quasi-isotropic laminates with combinations of
6 — 45101901 — 45. The loading on the plate and the boundary
conditions are assumed to exhibit the same symmetries as
those of the plate. For the purpose of comparison, the size of
the mathematical model required for the analysis as well as
the symmetry transformations for isotropic and homogeneous
orthotropic rectangular plates are also given in Table 3. Some
of the symmetries listed in Table 3 are not restricted to rec-
tangular plates but can be exhibited by plates having other
geometries (e.g., skew and polygonal plates). The symmetry
relations for the generalized displacements and stress resul-
tants implied by the symmetry transformations of Table 3 are
given in Table 2.

Some of the symmetries present in the linear prebuckling
response may disappear in the postbuckling response (e.g.,
rotational symmetry with respect to a line in the middle plane,
see Table 3). Also, even though the prebuckling response of
composite plates to a symmetric loading is symmetric, the
postbuck»ling response can be either symmetric or an-
tisymmetric. Unless one is certain about the response, one
should consider making multiple analyses with both sym-
metric and antisymmetric modes in order not to miss the
lower buckling modes. The antisymmetric modes can be
determined from the same structural model with minor
changes in input. The total number of analyses required might
be as great as 2k, where k is the number of symmetry transfor-
mations used in the analysis of the plate. However, the com-
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Table 3 Symmetry transformations for composite rectangular plates '

Lamination type

Mirror reflection in plane
(or rotation w.r.t. line)

Rotational symmetry w.r.t.
xo axis Size of model required

x, = 0 = 0 ± *2b 4b n = 2 (inver- Square plate
sion symmetry)

Rectangular plate

Arbitrary laminate

Cross ply • •

Angle ply, 6 « + 45 •

Antisymmetric ,
laminates *

cross ply • • o

an^eply, Q

angle ply,

• 1/2

• 1/4

• 1/4

• 1/8

e 1/8

• 1/4

1/2

1/4

1/2

1/4

1/4

1/2

Quasi-isotropic
(6-4- 45/0/90/- 45 1/4 1/2

Homogeneous orthotropic 1/4 1/4

Isotropic 1/8 1/4

a Symmetry transformation in this column applies to square plates.
b Solid circles for reflection in a plane and open circles for rotation with respect to a line. Symmetry transformations denoted by open circles do not apply to nonlinear
problems.

H8 U7 U3 :7 z3 i2 il
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o DEPENDENT NODES 17 ( TOTAL 35 / ml m/ J
* CENTER OF SYMMETRY "° —— —— ——
m INDEPENDENT ELEMENTS

i 3 7 13 17 18

Fig. 7 Independent nodes and elements for composite skew plates
with one center of inversion symmetry.

putational effort of these multiple analyses is usually less than
that of a single analysis of the full plate.
Finite-Element Grids

In order to exploit the symmetries of composite plates in
their analysis, the finite-element grid chosen must exhibit the
same types of symmetry as those of the plate. This means that
the grid can be brought into self-coincidence by each of the
symmetry transformations used for the plate.
Independent Nodes and Elements

After the finite-element grid has been selected, the next step
is to identify the nodes associated with the independent
degrees of freedom of the plate. These nodes are referred to as
independent nodes.12 The other nodes in the plate are called
dependent nodes. Henceforth, the dependent nodes are
designated by the symbols (P, £, and 5 according to whether
they are obtained from independent nodes by reflection in a
plane, rotation of 180° about a line in the middle plane, or in-
version. Figures 6 and 7 show the independent and dependent
nodes for composite plates with inversion and reflection sym-
metries.

The minimum number of finite elements which, by suc-
cessive applications of symmetry transformations, can cover
the whole plate will be referred to as the set of independent

Ush/Utot

2 4 6
2/a (a/h)

Ua/Utot
h/a -4
0.10

0.05

0.01
10 15

Na2/ETh3

wjh

0.10

0.5 1.0 1.5 2.0

Na2/ETh3

15 20

Fig. 8 Effect of h/a on postbuckling response of two-layered
graphite-epoxy plate subjected to biaxial compression. Fiber orien-
tation + 457 -45.

elements. Other elements will be called dependent elements.
According to this definition, an independent element cannot
be obtained from other independent elements by symmetry
transformations (e.g., reflection or inversion).

The multiplicity of an independent element is defined as the
number of times this element can appear in the plate by sym-
metry transformations. It is equal to one plus the number of
dependent elements that can be obtained from that in-
dependent element by symmetry transformations. The size of
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the finite-element model and the number of simultaneous
algebraic equations that are required in the analysis are gov-
erned by the number of independent elements and nodes,
respectively. Note that independent nodes and elements are
not uniquely given and can be selected in many different ways
(see Fig. 7). However, the total number is independent of
method of selection of independent elements.

A procedure for exploiting the symmetries of composite
plates in their finite-element analysis has been presented in
Ref. 12. In this section, a variation of this procedure is
described that is suitable for use with existing finite-element
and finite-difference programs with multipoint constraint
capability such as the NASTRAN13 and STAGS5 programs.
The two key elements in the procedure are outlined sub-
sequently.

Modification of Element Stiffness and Load Matrices
If the independent elements in the analysis model have dif-

ferent multiplicities, the stiffness and load matrices of in-
dividual elements must be modified depending on their
multiplicity. This can be easily accomplished in the input data
if the values of the elastic moduli, shear moduli, as well as ex-
ternal loading of each independent element are multiplied by
the ratio of the multiplicity of that element to the maximum
multiplicity in the model. For inversion symmetry, this ratio
will be equal to one for all elements and no modification is
needed.
Application of Symmetry and Constraint Conditions

1) The boundary conditions along the edges of the in-
dependent elements are applied in the usual manner. In ad-
dition, the symmetry and skew-symmetry conditions must be
applied at each of the centers of inversion symmetry and
along the axes of reflection and rotational symmetry in the
middle plane of the plate. The symmetry and skew-symmetry
conditions for shear-flexible Lagrangian elements are listed in
Table 4. For nodes lying on axes of reflection or rotational
symmetry, the nodal parameters are selected to be the
displacement and rotation components along and normal to
those axes (see Table 4 and Fig. 3). This requires a cor-
responding transformation of the element stiffness and load
matrices.

2) The degrees of freedom associated with the dependent
nodes in the model must be related to those of the independent

nodes by means of multipoint constraint conditions of the
form

where
(2)

(3)

The vectors { \ l / } d and { \ f / } / are the dependent and correspond-
ing independent degrees of freedom; [F] is a transformation
matrix. The forms of the [F] matrices for a (P, <£, and 3
nodes are given in Appendix A. The foregoing procedure was
found to result in considerable savings in the computational
effort required for the analysis. Although no attempt was
made to optimize solution time, experience for the cases
presented herein showed savings of a factor of 2 for one-half
models and a factor of 6 for one-fourth models.

IV. Postbuckling Behavior of Composite Plates
Numerical studies were conducted to investigate the effects

of variations in the plate geometry, lamination parameters,
and boundary conditions on postbuckling response as well as
on the significance of shear deformation and degree of
anisotropy (nonorthotropy) in composite plates.

A quantitative measure for the relative importance of trans-
verse shear deformation at different load levels beyond
buckling is taken to be the ratio of the transverse shear strain
energy to the total strain energy of the plate Ush/Utol. The
measure for the degree of anisotropy (nonorthotropy) is taken
to be the ratio of the contribution of anisotropic (nonor-
thotropic) terms to the total strain energy of the plate
Ua/Utol. The two measures Ush/Utol and Ua/Utot were first
suggested and used in Ref. 8 for linear problems. These quan-
tities will be shown for a number of different plates along with
more familiar response variables such as transverse
displacement and end shortening in order to assess the im-
portance of transverse shear and anisotropy for a variety of
parameters.

Square plates having both symmetric and skew-symmetric
orientation with respect to the middle plane of the plate were
considered. Also quasi-isotropic, four-layered plates were
analyzed. The plates were subjected to uniform biaxial com-
pression. The fiber orientation of the symmetric and skew-

Table 4 Symmetry and antisymmetry (or skew-symmetry) conditions for shear-flexible displacement finite element models.a

Center of inversion
symmetry

Line of rotational
symmetry a-

Plane of reflection
symmetry^

a) Symmetry Conditions

= 0 u = 0n u = 0n

w = 0 = ' 0

= 0

b) Skew-Symmetry Conditions

w = 0 u = 0 u = 0

= 0 w = 0

= 0

a Subscripts s and n denote the tangential and normal components to the plane of reflection symmetry (or the axis of rotational symmetry), respectively.
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Fig. 9 Effect of h/a on postbuckling response of four-layered
graphite-epoxy plate subjected to biaxial compression. Fiber orien-
tation 45/0790 / - 45.
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Fig. 10 Effect of number of layers /VL on postbuckling response of
graphite-epoxy square plate subjected to uniform biaxial com-
pression. h/a = 0.10.

symmetric laminates alternate between +45 and -45 with
respect to the xl axis. In the symmetric laminates, the +45
layers were at the outer surfaces of the laminate. The total
thicknesses of the + 45 and - 45 layers in each laminate were
the same. The quasi-isotropic laminates considered had fiber
orientation of -45/90/0/45. All numerical solutions presen-
ted herein were obtained by using a higher-order, 16-node
Lagrangian element and a 6x6 grid of elements in the full
plate. A few runs were made with 4x4 and 8x8 grids to con-
firm that adequate convergence was achieved by using the
6x6 grid. In all solutions, advantage was taken of the sym-
metries exhibited by the plate. For plates with fiber orien-
tation consisting of combinations of +45/-45, one -quarter
of the plate was analyzed, and, for quasi-isotropic plates, only
one-half of the plate was analyzed.

The material characteristics of the individual layers were
taken to be those typical of high-modulus graphite-epoxy
composites, namely

GTT/ET =

GLT/ET = 0.

vLT = 0.25

where subscript L refers to the direction of fibers and sub-
script T refers to the transverse direction, VLT is the major
Poisson's ratio. The edges of the plates are totally free to
displace in the plane and are either simply supported or fixed
with respect to bending. In addition to varying the boundary
conditions, two parameters were varied, namely, the number
of layers NL and the thickness ratio of the plate h/a, where h
and a are the thickness and side length of the plate. The num-
ber of layers NL was varied between 2 and 10 and h/a was
varied between 0.01 and 0.10. Typical results showing the ef-
fects of variations in a) the thickness ratio hi a, b) the number

of layers NL, and c) the boundary conditions, on the response
of the plate, as well as on the significance of shear defor-
mation and degree of anisotropy are presented in Figs. 8-11.
Each figure is in four parts, a load shortening curve,
specifically load vs mid-side in-plane displacement curve, a
plot of load as a function of the center transverse
displacement, a plot of the transverse shear strain energies,
and a plot of the contribution of the anisotropic terms to the
strain energy. In each case the results for h la = 0.01 are essen-
tially unaffected by transverse shear and thus can be used as a
basis for comparing the other curves in order to assess the ef-
fects of transverse shear. The load parameters used in all the
curves is in the form of a buckling coefficient so that buckling
would occur at the same value for all h/a if transverse shear
was not present. Likewise, the strain parameter uld/a(a/h)2

is such that all load shortening curves are identical prior to
buckling.

The load shortening curves show a sharp loss of axial stiff-
ness after buckling compared to more familiar results of
isotropic plates under uniaxial compression where a reduction
of one-half is applicable. Part of this is due to the biaxial state
of stress which increases the prebuckling stiffness but reduces
the postbuckling stiffness. In addition, the mid-side edge
displacement after buckling produced by a uniform biaxial
stress field is significantly higher than the average edge
displacement. In comparing the results for different values of
h/a, it is seen that shear deformation has a significant effect
on the buckling loads for plates with h/a of 0.05 and 0.1. The
plots of shear strain energy show a rapid increase in the
vicinity of the buckling load. After buckling, the increase is
more moderate with the exception of the results for clamped
plates where the shear energy continues to grow at a rapid rate
(Fig. 11). The curves for in-plane and transverse displace-
ments for plates with h/a = 0.05 and 0.10are nearly parallel to
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Fig. 11 Effect of boundary conditions on postbuckling response of
two-layered skew-symmetrically laminated square plate subjected to
uniform biaxial compression. 0 = +45/ -45.

the corresponding curves for hla = 0.01 (see Figs. 8 and 9). It
thus appears that, for simply supported plates, if the effect of
shear deformation on the buckling loads is not significant, it
will not be important in the postbuckling range. However, the
fact that the shear strain energy shows a moderate increase af-
ter buckling indicates that there is a transition range of hi a,
where it may be necessary to include the shear deformation in
the postbuckling range even though it was not important in
the buckling analysis. This transition range is greater for
clamped plates as indicated by the continued rise of the shear
strain energy in Fig. 11.

As the number of layers increases, the degree of anisotropy
decreases, and the buckling load increases. There is an
associated increase in the shear strain energy for plates with
higher buckling loads. Figure 10 shows that the curves of the
in-plane and transverse displacements for the two-, three-,
and four-layered plates are essentially parallel to the
corresponding curves for 10-layered plates. This observation
coupled with the fact that the degree of anisotropy shows a
rapid increase at buckling, but little if any increase after
buckling, suggests that anisotropic effects are important in
the postbuckling range only if they are important in the
buckling analysis.

V. Concluding Remarks
Two aspects of postbuckling analysis of composite plates

are considered in this paper. The first pertains to identifying
the different types of symmetry exhibited by the pre- and
postbuckling responses of rectangular and skewed composite
plates. A procedure is presented for exploiting these sym-
metries in the finite-element and finite-difference analyses.
The procedure can be readily used with existing programs
having multipoint constraint capability. Because the number
of unknowns is typically reduced to about one-fourth or one-
half of those for the full plate, considerable savings can result

in the scope and cost of computations by using the proposed
procedure. The second aspect pertains to the postbuckling
response of composite plates. Numerical results are presented
for composite plates subjected to uniform biaxial com-
pression which show a pronounced loss of axial stiffness and a
rapid increase of both the transverse shear deformation and
degree of anisotropy after buckling. The shear deformation
and degree of anisotropy in the postbuckling range are
strongly dependent on the number and the stacking sequence
of layers in addition to the degree of orthotropy of the in-
dividual layers and thickness ratio of the plate.

For simply supported composite square plates subjected to
biaxial compression, the classical laminated plate theory is
adequate for the postbuckling analysis of thin plates with
h/a<0.05. In addition, the orthotropic plate theory is
adequate for multilayered angle-ply plates with NL>10. In
general, if the effects of transverse shear deformation and/or
anisotropy on the buckling loads are not significant, they will
not be important in the postbuckling analysis.

Appendix A. Transformation Matrix for
3, (P, and <£ Nodes

The transformation matrix [F] at an 9 node is given by

-1

-i
(Al)

-7

If the plane of reflection symmetry (or the line of rotational
symmetry) is x/ =x2, the matrices [F] at (P and <£ nodes are
given by

7

(A2)

where K= +1 at a (P node and - 7 at an £ node.
The corresponding matrices [F ] for the case when the plane

of reflection symmetry (or line of rotational symmetry) is
Xj = —x2 are obtained by multiplying the right-hand matrix of
Eq. (Al) with that of Eq. (A2). For antisymmetric (or skew-
symmetric) response, the right-hand sides of Eqs. (Al) and
(A2) are multiplied by a minus sign.
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